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ON INCIDENCES OF LINES IN REGULAR COMPLEXES
MISHA RUDNEV
Abstract. A regular linear line complex is a three-parameter set of lines
in space, whose Plücker vectors lie in a hyperplane, which is not tangent to
the Klein quadric. Our main result is a bound O(n1/2m3/4 + m + n logm)
for the number of incidences between n lines in a complex and m points in
F
3, where F is a field, and n ≤ char(F) in positive characteristic. Zahl has
recently discovered that bichromatic pair-wise incidences of lines coming from
two distinct line complexes describe the nonzero single distance problem for a
set of n points in F3 and proved a bound O(n3/2) for the number of realisations
of the distance, which is a square, for F, where −1 is not a square. Our result
yields, under suitable constraints, a weaker bound O(n1.6) for any distance,
including zero, over any F. Besides, a dual incidence bound holds for isotropic
lines in F3 – they lie in a quadratic line complex.
This note develops on the new geometric insight in the recent paper by J. Zahl [6].
Let F be a field of positive characteristic p. The results apply to the p = 0 case by
just ignoring the constraints involving p. Without loss of generality for the content,
contrary to the set-up in [6], F is algebraically closed, with i =
√−1.
Further Pd denotes the d-dimensional projective space over F, and K the Klein
quadric – the space of lines in P3. The lowercase l denotes a physical line l ⊂ P3,
whose Klein image is a point in K ⊂ P5. P3 is often restricted to the chart F3.
Let A ⊂ F3 be a set of n points, with a = (x, y, z) ∈ A in the standard basis. Zahl
observed that for a = (x1, y1, z1) and b = (x2, y2, z2), the distance condition
(1) ‖a− b‖ := (x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2 = r2 = (r1 − r2)2
is equivalent, for any r1, r2 : r1 − r2 = r, to the fact that the lines in F3, given, for
j = 1, 2, by Plücker vectors
(2)
P := [P01 : P02 : P03 : P23 : P31 : P12]
= [1 : −zj + rj : xj − iyj : r2j − x2j − y2j − z2j : −(zj + rj) : xj + iyj]
meet. We shortcut P = (ω : v) for its first:last three components.
Zahl used the Lie quadric and spherical tangency – for condition (1) means that the
two spheres, centred at (xj , yj , zj) with radii rj share a tangent plane at some point
– as a vehicle to make his observation. Note that (2) represents a linear injection φ :
(xj , yj , zj, rj)→ K, so that the fact of intersection of the lines, corresponding to the
images φ(x1, y1, z1, r1) and φ(x2, y2, z2, r2) is equivalent to the distance condition
(1) about their pre-images. A similar argument was pursued in [5], with the domain
of the injection, instead of the quadruple (xj , yj , zj , rj), having been confined to
pairs of points in F2. Note that the quadratic expression for the coordinate P23 in
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(2) arises just because K is a quadric, with the defining equation
P01P23 + P02P31 + P03P12 = 0 .
Two lines l, l′ in P3 meet iff the corresponding Plücker vectors satisfy
(3) ω · v′ + ω′ · v = 0 ,
where · is the standard dot product. The reader is encouraged to check Zahl’s
observation apropos of the equivalence of relation (1) to (3) applied to (2).
A linear regular line complex C is the set of lines in P3, which are the Klein pre-
images of C := K∩H, for a hyperplane H ⊂ P5, whose normal vector N = (n : m)
is not in K. Otherwise, by (3), the Klein pre-images of K∩H are lines, meeting the
one with Plücker coordinates (m : n). All linear regular line complexes (further
just line complexes) are projectively equivalent. See [3, Chapter 3] for more.
The hyperplaneH defining C, the Klein image of the line complex C, cuts every two-
plane inside K transversely. A plane inside K corresponds to physical lines, which
are either concurrent or coplanar – there are two rulings of K by planes. Thus C
is a three-dimensional family of lines, coming in pencils: lines in C, concurrent at
any point in P3 are automatically co-planar.
The main result of this note is the following incidence bound.
Theorem 1. The number of incidences of n ≤ p lines from a non-degenerate line
complex with m points in F3 is O(m3/4n1/2 +m+ n logm).
Observe that in contrast to Guth-Katz [1] type incidence bounds in three dimensions
there are no additional constraints on the line arrangement.
We return to distances in F3 to develop an application of Theorem 1. Observe
that an instance of relation (1) is satisfied for r 6= 0 and fixed r1,2 iff there is a
bichromatic incidence between a line from a family L1 of n, say red lines in the
complex C1 and a line from a disjoint family L2 of n, say black lines in the complex
C2, defined, respectively, by hyperplanes with normal vectors
N = [2rj : −1 : 0 : 0 : 1 : 0] , j = 1, 2 and {(xj , yj, zj)} = A .
Once this has been set up, one enters the realm of the understood algebraic adap-
tations of the line incidence theorem [1, Theorem 4.1] by Guth-Katz, see [2], [4], [7]
and [6, Section 3]. The incidence bound is conditional on not too many lines of both
colours being concurrent, coplanar or lying in complimentary rulings of a quadric.
Zahl shows that once i 6∈ F, these conditions are satisfied, the first two owing to the
fact that the complexes C1,2 live in the projective space over the bigger field F[i],
while the line families L1,2 therein are parameterised by F
3. It follows that number
of pairwise bichromatic incidences is O(n3/2), hence [6, Theorem 1.9].
We use the standard notations≪,≫, to suppress absolute constants in inequalities,
the symbol ∼ if both relations ≪,≫ hold simultaneously, as well as the O symbol
instead of ≪.
Zahl’s result is contingent on the assumption i 6∈ F. What happens if, say F is
algebraically closed? Then every sphere in F3 is doubly-ruled by isotropic lines,
and thus (1) may have up to ≫ n2 solutions, achieved by placing half of A on
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an isotropic line, and the other half on an isotropic line, parallel to it and lying
in the same semi-isotropic plane. An isotropic line in F3 is one, whose nonzero
direction vector ω is isotropic, that is ω ·ω = 0. For each such ω there is one non-
isotropic direction perpendicular to it, and the two span a semi-isotropic plane,
whose normal vector is ω. A calculation, checking coplanarity/concurrence of lines
in (2), following the procedure, developed in [5], shows that the geometric scenario of
having the centres of spheres (x1, y1, z1) and (x2, y2, z2) lie on two parallel isotropic
lines in the same semi-isotropic plane, so that the two sets of spheres are all tangent
to each other along some (third if r1, r2 6= 0) parallel isotropic line, lying in the
same plane, is the only geometric obstruction, causing inapplicability, in its current
state, of the above-mentioned incidence machinery in order to extend the claim of
[6, Theorem 1.9] to the case i ∈ F.
It follows that a general nontrivial bound on the number of solutions of (1) should
be conditional on the maximum number of points on an isotropic line. It would
suffice bounding just the number of solutions of (1) for r = 0: all line complexes are
projectively equivalent, and bichromatic incidences can be controlled by monochro-
matic ones. If r = 0, we seek how many pairs of points of A may lie on isotropic
lines, i.e. asking for incidence bounds between, say n points and m isotropic lines
in F3. Interestingly, the family of isotropic lines itself is a quadratic line complex,
defined by the condition ω ·ω = 0 on top of the Plücker equation ω · v = 0.
But as follows from Zahl’s observation, this question is immediately related to
bounding the number of pairwise intersections of n non-isotropic lines in the linear
complex C, defined by (2) with r = 0, the single line family in question being
denoted just as L = L(A). The next claim follows from Theorem 1 just by using
(2) that allows for swapping the powers of m and n.
Corollary 2. The number of incidences between m isotropic lines and n ≤ p points
in F3 is O(m3/4n1/2 + n+m logn).
We remark that both Theorem 1 and Corollary 2 are implied by the somewhat
stronger bound (5) in the sequel.
Finally, there is a weaker generalisation of Zahl’s single distance bound O(n3/2).
Corollary 3. Let A ⊂ F3 be a set of n points with n ≤ p4/3 and no more than n1/2
points on an isotropic line. Then there are O(n1.6) solutions to equation (1) with
r = 0 or the right-hand side −r2.
Proof of Theorem 1. The proof is based on the author’s point-plane incidence the-
orem [4]. The theorem may as well be applied to bound the number of pair-wise
intersections of ≤ p2 lines inside the Klein image C of line complex C (see [4, Lemma
10]). Let us call them phase lines – these are not physical lines in P3. Rather, they
correspond to physical line pencils in P3. A pairwise incidence of phase lines means
the two physical line pencils share a physical line. Now one views each phase line
as the unique point-plane pair, incident to the corresponding physical line pencil –
hence the point-plane incidence bound readily applies. The use of phase lines in C
here is not indispensable but may facilitate visualisation.
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So let k ≥ 2 and Xk be the set of k-rich points in P3, where some number between
k and 2k lines from L meet. Since the lines are in a line complex C, a member of
Xk corresponds to a phase line in C. Furthermore, the Klein image of the given n
physical lines is a set of n points in C. For the jth such point, j = 1, . . . , n let tj
be the number of phase lines incident to it.
It follows by double counting that the number of pair-wise intersections of physical
lines at the points of Xk is
k2|Xk| ∼ k
n∑
j=1
tj .
Note that for j : tj >
√
|Xk|, the usual inclusion-exclusion estimate yields∑
j:tj>
√
Xk
tj ≪ |Xk| .
Also separating the special case tj = 1, we have
(4) k|Xk| ≪ |Xk|+ n+
∑
j: 2≤tj≤
√
Xk
tj ≤ |Xk|+ n+
√
n
√ ∑
j: 2≤tj≤
√
Xk
t2j .
Observe that the term
I :=
∑
j: 2≤tj≤
√
Xk
t2j ,
sums, over a subset of n points in C, the number of pairs of phase lines incident
to a point. Each such pair of phase lines, as has been pointed out above, can be
regarded as an incident point-plane pair. Hence, there is a bound
I = O(|Xk|3/2 +K|Xk|) ,
where K is the maximum number of phase lines, incident to a phase point, that is
K ≤ √Xk. (See [4, Theorems 3, 3*], the latter one restricting the incidence count
to a specific set of lines.) The point-plane theorem applies as long as |Xk| ≤ p2,
and we use the trivial estimate |Xk| ≤ n2.
It follows from (4) that for k ≥ 2, there is a general estimate for the number of
k-rich intersection points for a family of n lines in a line complex, namely
(5) |Xk| ≪ n
2
k4
+
n
k
.
This essentially completes the proof of Theorem 1, its incidence bound following
from estimate (5) in the standard way. First one redefines a k-rich point as the one
where at least k lines meet: the corresponding dyadic summation this will have no
effect on (5). Then points of pairwise intersections of lines from L are ordered by
non-increasing richness, and (5) means that the tth point on the list is incident to
O(n1/2t−1/4 + n/t) lines. The incidence bound follows after summing in t ∈ [m]
and adding n to account for k = 1. 
Proof of Corollary 2. Let A ⊂ F3 be the set of n points in question and L = L(A)
the line family, given by (2), with r = 0. A pair of distinct points of A lies on an
isotropic line iff two lines in L(A) meet. Hence, for k ≥ 2, a k-rich point in the set
Xk from the proof of Theorem 1 is in 1-1 correspondence with having a k-rich, in
points of A, isotropic line. The statement follows. 
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Proof of Corollary 3. We use Theorem 1 together with the the standard incidence
estimate (see [2], [6])
(6) |Xk| ≪ n
3/2
k3/2
,
which applies to any n lines in P3, such that no more n1/2 are concurrent, copla-
nar or lie simultaneously in both rulings (alias complementary reguli) of a quadric
surface. In particular, assuming estimate (6) implies the validity of bound (5) for
n ≤ p4/3 rather than n ≤ p, for in its derivation the trivial bound |Xk| ≤ n2 was
used instead of |Xk| ≪ n3/2.
Optimising with the latter bound with (5) at k = n1/5 completes the proof, once
the use of (6) has been justified.
To do so, we repeat that it suffices to consider r = 0 in (1), (2). Observe that
the zero radius sphere x2 + y2 + z2 = 0 through the origin is a cone of isotropic
lines. Three distinct translates of the quadric cone either intersect at O(1) points
or on a line. The latter scenario is in 1-1 correspondence with a three-line concur-
rency/coplanarity in a pencil in the complex C from (2). Thus by the condition of
the theorem the maximum number of lines from L in a pencil (hence concurrent or
coplanar) is n1/2. The verification of the complementary reguli condition can be
borrowed verbatim from [6]. In fact, lines in a line complex always satisfy the com-
plementary reguli condition due to the fact that the two two-planes in P5, whose
intersections with the Klein quadric define a pair of complementary reguli must be
mutually skew, and thus cannot be contained in the hyperplane H, defining the line
complex. This completes the proof. 
Note that using estimate (6) in the proof of Corollary 3 appears to be somewhat
wasteful. It would be tempting to improve the claim of the corollary to match
Zahl’s bound O(n3/2) for the number of realisations of any single distance.
Acknowledgments. The author thanks the Leverhulme Trust Grant RPG–2017–
371 for partial support and Josh Zahl for sharing valuable insights.
References
[1] L. Guth, N. H. Katz, On the Erdős distinct distances problem in the plane, Ann. of Math.
(2) 181(1): 155–190, 2015.
[2] J. Kollár, Szemerédi-Trotter type theorems in dimension 3, Adv. Math. 271: 30–61, 2015.
[3] H. Pottmann, J. Wallner, Computational Line Geometry, Springer, Berlin, 2001, 565 pp.
[4] M. Rudnev, On the number of incidences between points and planes in three dimensions,
Combinatorica 38(1): 219–254, 2018.
[5] M. Rudnev, J. M. Selig, On the use of the Klein quadric for geometric incidence problems
in two dimensions, SIAM J. Discrete Math. 30(2): 934–954, 2016.
[6] J. Zahl, Sphere tangencies, line incidences, and Lie’s line-sphere correspondence, arXiv
2002.11677 [math.MG] 26 Feb 2020.
[7] F. de Zeeuw, A short proof of Rudnev’s point-plane incidence bound, arXiv:1612.02719v1
[math.CO] 8 Dec 2016.
Misha Rudnev, Department of Mathematics, University of Bristol, Bristol BS8 1TW,
United Kingdom
E-mail address: misharudnev@gmail.com
